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Let L, be the usual Lp spaces on [0, 11 with p = l/a. A linear operator T 
is said to be of type (1 /a, 1 /p), 0 < a < 1, 0 < fi < to, if T can be extended 
to a continuous map from L, to LB . The L-characteristic of T is the set {(ol, j3) : T 
is of type (l/q l/p)}. A necessary and sufficient condition that a point set Q 
in the strip 0 < o( < 1, 0 < 1 < + co, be the L-characteristic of some linear 
operator T is that Q be convex, monotone, and F,, . (The set Q is monotone 
if (no , PO) E Q implies (oi, /3) E Q, 01 < OLD, /I > f10 .) Further, it is shown that 
the operators constructed for the proof of sufficiency are completely continuous. 
1. INTRODUCTION 
Let L, = Lli”([O, l]), 0 < 01 < co, denote the classical space of 
1 /a-power summable Lebesgue measurable real-valued functions on 
the interval [0, 11 with the usual norm, /I * llU 0 < (Y < 1, and metric 
II * II?, 01 > 1. The space L, is the space of all essentially bounded 
Lebesgue measurable functions on [0, 11, and T denotes some linear 
operator defined on L, (or on the simple functions) with Lebesgue 
measurable functions on [0, l] as values. 
Recall that the linear operator T is said to be of type (l/a, l//3) if it 
can be extended to a continuous linear operator from L, to L, . The 
set of all points (cz, ,k?), in the strip 0 < E < 1, 0 < /3, such that T is 
of We (l/a, l/S), is called the L-characteristic of the linear operator T, 
and is denoted by L( T). In this paper we determine which sets of the 
strip are L-characteristics of linear operators. 
Various properties of L-characteristics have been studied by the 
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Russian mathematicians Krasnosel’skii and Zabreiko [I, 2, pp. 4-461. 
It is a direct consequence of the Riesz convexity theorem and its 
extensions to the entire strip 0 < Q! < I, 0 < /3, that the L- 
characteristic of a linear operator is convex [3, 4, and 51. Also, by the 
inclusion relations of the La-spaces, the L-characteristic has the 
monotone property, i.e., if the point (a0 , &) belongs to L(T), then 
the points (01, Q 01 < cz,, /I0 < /3, also belong to L(T). Moreover, if 
Tl and T, are both positive linear operators (x 3 0 implies Tix 3 0, 
i = 1, 2), then L( Tl + T,) = L(T,) n L(T,). Indeed, if Tl and T, 
are continuous linear operators, then so is Tl + T, . The opposite 
inclusion follows from the fact that ( Tl $- T,)x 3 Tix > 0 (i = 1, 2) 
for positive functions X, and thus, ii( Tl + T,)x /I0 3 11 Tix II8 . 
The knowledge of these three properties prompts the following 
question: Which point sets of the strip 0 < cy < 1, 0 < @, are the 
L-characteristics of linear operators T? This question was partially 
answered in the book of Krasnosel’skii, Zabreiko and others [2, p. 421, 
by the following theorem. 
THEOREM A. Let Q be an open, convex, and monotone set in the strip 
0 < 01 < 1, 0 < ,%. Then there exists a linear operator T for which the 
interior of L( T) is precisely Sz. 
It is the purpose of this paper to derive the following theorem. 
(Recall that an F,-set is a set which may be written as a countable 
union of closed sets.) 
THEOREM 1. Let Q be a point set in the strip 0 < 01 ,( I, 0 < /3. 
Then Q is the L-characteristic of some linear operator T if and only if Q 
is convex, monotone and F, . 
We may define the L-characteristic with respect to complete 
continuity of the linear operator T, L,( T), as the set of all points (01, /3), 
0 < 01 < 1, 0 < 8, such that T can be extended to a completely 
continuous operator from L, to L, . The conditions in Theorem 1 are 
also sufficient that Q be some L,( T). This result is given as Theorem 2. 
In the sequel, the norm of a linear operator T as an operator from 
L, to L, is denoted by I] T Ila,B , where 
II TX IIB 0< P < 1, 
” T”bsB = 
A linear operator from L, to LB is continuous if and only if /I T II+ is 
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finite. In case p > 1, (1 T ]]a,B being finite is equivalent to continuity 
at the origin. As defined, the quantity ]I * ]]or,B satisfies the triangular 
inequality, i.e., 
II Tl + T, LB 
We recommend that the reader give the following arguments a 
geometric interpretation. 
2. NECESSITY 
We have already observed that the L-characteristic of a linear 
operator T must be convex and monotone. We shall now show that 
L(T) is also an F,-set. 
Let {x~}$~ denote a countable collection of non-null step functions 
which are dense in each L, , 0 < a < 1. 
The set L( T) contains all points (01, /3), 0 < cy < 1,O < fl, for which 
S”,P II TX, llaill xv, IlDi < +a. (2-l) 
We note that (2.1) q uarantees continuity at the origin for /3 > 1. If we 
Seth, = II TX, IIs , k(4 = II x, IL , andf&, P> = g,(P)lU4, then 
(2.1) reduces to 
““,P f&G B) < +m. (2.2) 
For each integer n, the function h,(a) is a continuous function of iy, 
while the function g,(p) is a lower semicontinuous function of p 
[6, p. 1431. Hence, the set 
E M,n={(Oi,~):O<O1~l,O~p,f,(a,B)dM}, 
where n and M are positive integers, is closed relative to the strip 
0 < CY < 1, 0 < p. Thus, the set E, = fin,,, E,,, is also closed 
relative to the strip 0 < 01 < 1, 0 < 8. Finally, the set E = uM,o E, 
is an F,-set relative to the closed strip 0 < 01 < 1, 0 < /3. 
The set E is precisely the set where (2.2) is satisfied. Indeed, the 
set E, is the set for which the supremum in (2.2) is less than or equal 
to M, and the set E is the union of the E, over all positive integers M. 
Let F = L(T) n ((0, /3) : 0 < 8). Since L(T) is monotone, the set F 
is an interval and thus an F,-set. Finally, L(T) = E u F is an F,-set 
and the necessity of the conditions in Theorem 1 is proven. 
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3. SIMPLE CASES OF SUFFICIENCY 
We begin the proof of sufficiency with some cases in which the linear 
operators can be given explicitly. The integral operators given below 
are of the form 
Kx(t) = I’ K(s, t) x(s) ds, 
0 
where K(s, t) is a Lebesgue measurable function on [0, l] x [0, 11, 
and X(S) is a measurable function on [0, I]. 
The first two lemmas yield operators for point sets enclosed by 
two vertical lines and one horizontal line. 
LEMMA 1. The integral operators K, and K, given by the kernels 
K ( 
1 s, 
t) = t-q1 + log l/t)-” [l + log(l + log l/t)]--“” 
sb(l + log l/s)Zb + (1 + log l/t)-’ 
and 
O<a,O<b<l, 
K ( 
2 SY 
t) = t-q1 + log l/t)-” [l + log(1 + log l/t)]-“” 
sy 1 + log l/S)-l-a + (1 + log 1 it)-’ 
O<a,066,<1, 
have the respective L-characteristics 
L(K,)=((or,~):O~ol~1,a<~}u{(or,a):O~ar~1- 
and 
L(K2)={(cu,j3):O~a<1,u<~}u{(Lu,u):O~ol<1- 
Moreover, // Kl //ai,D < 1 for 0 < 01 < 1 - b and j? 3 a. 
(3.2) 
(3.3) 
4. 
If we define the transposed operator K* of an integral operator K 
as the integral operator whose kernel is obtained by interchanging the 
roles of s and t in the kernel K(s, t), then we obtain the following 
lemma. 
LEMMA 2. If K, * and K,* are the transposed operators of the 
operators Kl and K, given in Lemma 1, then 
L(K,*) = {(a, 6): 0 < 01 < 1 - a, 0 < ,3} u ((1 - a, j3): b < /I) 
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and 
L(K,*) = {(IX, /?): 0 < a < 1 - a, 0 < /3} U ((1 - a, p): b < /3) 
for 0 < a < 1, 0 < b < + GO. If b = + CO, then omit the term 
involving t in the kernel of K,*. 
The next simplest case occurs when the boundary of the point set 
consists of two vertical lines, a line I’ of positive slope, and possibly 
part of the a-axis. Suppose that the line P is given by the equation 
P = (a2 - a& + a 1, a0 < a < 1 where 01,, = max{O, -aJ(a, - a,)}, 
then we have the following lemma. 
LEMMA 3. The integral operators K, and K4 given by the kernels 
Iqs, t) = [s( 1 + log 1 /s)Z Pl( 1 + log 1 /t)2al + ty 1 + log 1 /t)“Q]-’ 
a2 > a, ) u2 > 0, (3.4) 
and 
qs, t) = (1 + log 1/t)[stQ + Pa]-i 
have the respective L-characteristics 
62 > a, ,a2 > 0, (3.5) 
L(K,) = {(cd,P):O < 01 d 1,P > (a, - a,) 01 + a1 ,B 3 01 u r 
and 
Moreover, II K, lla,o < 1 for (01, B> in L(G). 
The proofs of the above three lemmas are similar. In order to avoid 
repetition, we shall only prove the conclusions in Lemma 3 concerning 
the operator KS . 
Proof. The inequalities 
and 
&(s, t) < [s( 1 + log 1 is)” P’( 1 + log l/t)““*]-’ (3.6) 
IQ, t) < tP(l + log l/t)-““” (3.7) 
hold for all s and t in (0, 1). If a, > 0, then we may use inequalities 
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(3.6) and (3.7) together with Holder’s inequality to show that (0, a,) 
and (1, u2) belong to L(K,). In fact, this process yields 
II Gwlla, < II x l/o II s-v + log 1/sr2 Ill II t-v + log l/T”“’ llal 
and 
The convex and monotone properties of L(K,) imply that L(K,) 
contains the points designated in the lemma. 
Unfortunately, if a, < 0, then we can no longer use (3.6). We shall 
use a result due to Kantorovich which says that if y(t) = 11 K(s, t)jliPa 
belongs to L, , then K maps L, into L, continuously with 
II Klle,o d II v 110 - F or each t, 0 < t < 1, let 5’ = S(t) be defined by 
S( 1 + log l/S)z = [t( 1 + log l/t)2]ap-ul. Then, 0 < S(t) < 1 for 
0 -=c t < 1. For 01~ < 01 < 1, 
s 1 v(qll'l-"' = [t( 1 + log 1 /t)“]-““‘l-*’ o {S(l + log l/S)2 + t=2-%(l + log l/t)2(wl)}l’(~-~) ds. 
Let I1 be the integral over [0, S] and I2 be the integral over [S, 11. Then 
and 
I1 < 
s 
:‘ [t(l + log l/t)2](a1-a2)‘(1-a) ds, 
= [t(1 + log l/t)2](al-az)‘(1-a) s,
= [t(l + log l/t)2](a2-al)+(a’-aa)/(1-a) (1 + log l/S)-2, 
I2 < s 1, [s( 1 + log 1 /~)~]-“(l-~’ ds, 
s 
1 
< Sl-1"1-my1 + log l/S)-2/(1-a' s-l ds , 
S 
= [t( 1 + log 1 /t)2]+(az-a,)+(a,-a,)‘(l-a) (1 + log 1 /ES>-2 log I/S. 
Hence, 
~(t)l/(l-“) < [t( 1 + log 1 /t)2]-[(a,-al)or+a,l’(l-iy) (1 + log 1 /q-1, 
< [t( 1 + log 1 /t)2]-[(a2-a’)“+a’l’(l-~). 
Therefore, p)(t) EL, if B 3 (a2 - a& + al and II y(f)llB ,( 1 for 
such p. 
It remains to show that L(K,) contains no additional points. For 
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010 < 01 < 1, let ~~,~(s) = naxE(s), where E = [0, l/n]. The functions 
x~,~ have norm equal to one in L, , (n = 1,2,...). We show that // Kx,,, Ilo 
is unbounded as n + cc if p < (a2 - u&z + a, . Now, 
~fL4~) 3 
P-y 1 + log 1 /t)-2U, 
n-l(l + log f~)~ + Pz-~~(I + log l/t)2(aa-al) 
since K(s, t) is decreasing in s. Let t’ = t’(n) be such that 
[t’(l + log l/t’)2]az--al = n-l. If 0 < t < t’, then [t(l + log l/t)2]a~-a~ < 
n-‘( 1 + log n)“. 
Thus, for each n and for p # a, , 
t‘ 
// Kx,,, /1p > 2-%“‘4( 1 + log ?2-2’P 
i’ 
fal”( 1 + log 1 /t)--lal” dt, o 
3 C2-%“‘~(1 + log p t’[t’(l + log l/t’)yB, 
> c2-1’% 
[(az-al)a+ol-8]/Bloz--ol) 
(1 + logn li(wd-2 (1 + log n)-2/4, 
where C = min{l, p/(,8 - al)}. The last expression is unbounded 
withnifj3 < (u2- U&X + a, . It follows from this and the convexity 
of L(K,) that no additional points belong to L(K,). 
We remark on the proofs of the remaining lemmas. In Lemmas 1 
and 2, we obtain upper bounds for the kernel by deleting one of the 
summands in the denominator. Using the resulting two inequalities 
and Holder’s inequality, we show that certain of the designated points 
belong to the L-characteristic. The monotone and convex properties 
then show that all the desired points belong to the L-characteristic. 
For the operator K4 in Lemma 3, we do precisely as we did for K, 
above. 
In order to show that no additional points belong to the L- 
characteristics, we estimate the action of the operators on the 
characteristic functions x(s) = naXE(S), 0 < 01 < 1, where E = [0, l/n] 
in much the same way as above. If 01 = 0, then we usually estimate 
the value of the operator on the constant function x(s) = 1. In 
Lemma 2, it is better to estimate the action of the operators on the 
function sa--l( I + log l/s)“-l[l + log( 1 + log l/s)]2(a-1) when b > 1. 
Other methods may be applied as well. 
4. THE MAIN LEMMA 
Let P, and r2 be two distinct parallel lines of positive slope in the 
strip 0 < 01 < 1, 0 < /3. Suppose that r, is above r, and that A is 
the set of points in the strip which are above or on r, . Let B be the 
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set of points in the strip which are below or on I’s . Further, suppose 
that r, is described by the equation p = (as - U&K + a,, where 
a2 > a, and a2 > 0. 
Using the notation established in the preceding paragraph, we give 
the following lemma. 
LEMMA 4. Let M > 0 be given. Then there exists a positive bounded 
kernel K(s, t) with the property that for the corresponding integral 
operator K 
(i) II KII,,, < 1 for (01, B) E A, 
(ii> II Kll,,, 2 M for (01, B) E 13. 
Proof. Let r, be a third line parallel to r, and r, which strictly 
separates r, and r, . For each point (cx’, 8’) on r3 , we define the set 
V = ((01, 8) : a > a’, /3’ > ,631. Th e sets V are open relative to the strip 
0 < LY < 1, 0 < j3, and B C u V((a’, /3’) E r,). Since B is compact, 
there are finitely many such V which cover B. Let (iyi , pi), 
(i = 1, 2,..., k), be points on r3 such that B C & Vi, where Vi 
corresponds to (ai , pi). 
By the inclusion relations of the L, and L, spaces, for any linear 
operator K, 
Thus, a lower bound for the norm of the operator on all the pairs 
(ai , A), (i = l,..., k), is also a lower bound for the norm on any 
pair (oc, /3) in B. 
We consider the kernel K(s, t) given by (3.4) in Lemma 3 with a, 
and a2 taken from the equation of the line I’, . The integral 
operator K satisfies 11 K Ija,B < 1 for (ar, j3) in A and 11 K lIoLi,Dd = + 00, 
(i = 1, 2,..., k). Hence, there exist positive functions xi EL,< such 
that II xi lloi = 1 and /j Kxi llai = +co, (i = 1, 2 ,..., k). 
Let K, be the truncation of the operator K. That is, the kernel of 
the integral operator K, is 
The kernels KJs, t), (n = 1, 2 ,... ), are positive and bounded, so that 
11 K,xi lIei < + co. Moreover, K,xi increases monotonically to Kx, as 
1z increases. Consequently, for sufficiently large N, by Lebesgue’s 
theorem, 11 KNxi [Is, 3 M (i = I,..., k). This implies Ij KN Ilmi,Bi > M 
for i = 1 ,..., k. Hence, I/ KN /lo1,8 3 M for (a, /?) E B. 
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It remains to note that /j KN Jla,B < jl K I/a,B implies that /I KN I(+ < 1 
for (01,p) E A. Th e integral operator KA’ is the one needed for the 
lemma. 
We remark that another proof exists using the kernel (3.5) of 
Lemma 3 with a, and a2 determined by r, . This proof obtains a lower 
bound for the norm of the truncation of this operator along the line r, . 
The lower estimate is essentially C log n, where C is a constant 
dependent only on the positions of r, and r, . 
5. Two ADDITIONAL PROPOSITIONS 
Let I’ be as described for Lemma 3, and let h = a2 - a, > 0 be 
the slope of r. Suppose A is the set of points in the strip above r. 
Lemma 3 did not describe the most general situation. For the general 
case, we consider an arbitrary convex, F,-set of r, namely some 
arbitrary interval I C r. We must find a linear operator whose 
L-characteristic is A u I. 
PROPOSITION 1. Let r, I C r and A be us described above. There is 
a positive integral operator T for which L(T) = A u I. 
Proof. If 1 = r or if I is empty, then this is merely Lemma 3. 
If I is nontrivially contained in r, then let p and q denote the left and 
right endpoints of I respectively. We permit p and q to coincide. 
Let Ii be the interval containing all points on r to the right of p, 
with p E Ii if and only if p E I. Let I, be the interval containing the 
points on I’ to the left of q, with q E I, if and only if q ~1. Then 
I = 1i n I, . The idea of the proof is to find positive integral operators 
Tl and T, with L( TJ = A u Ii and L(T,) = A u I, . Then, 
L( Tl + T,) = (A u II) n (A u I,) = A u I. 
As Ii and I, are defined, one may be a single point and the other all 
of r. In this case (which occurs when p = q E I is one of the endpoints 
of r), we need construct only the operator corresponding to the 
degenerate interval. 
Assume I1 # r. We shall construct the operator Tl . We take a 
sequence of points p, E r converging monotonically to p; where the 
points p, are chosen to approach p either from the right if p does not 
belong to I, or from the left if p belongs to I. This is always possible 
even if p is an endpoint of r by our restrictions I1 # r, I1 nonempty. 
Let h, be a sequence of positive numbers monotonically approaching 
h from below, where X is the slope of r. Let r, and r,’ denote the 
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lines of slope X, through p and p, , respectively. Let A, be the region 
of the strip above and on the upper of r, and r,‘, and let B, be the 
region below and on the lower of r, and r,‘. 
It follows that a point in the strip and above r (i.e., a point of A) 
is in all but a finite number of A, , while a point below r is in infinitely 
many B, . On the line r, points to the right of p (and the point p itself 
if p E 1) are in all but a finite number of the A, , while those points 
to the left of p (and p if p C$ I) are in infinitely many B, . 
For each n, let K,, be the positive integral operator with the 
properties that // K, 1j01,4 < 1 for (a, /S) in A, and I/ K, //U,a 3 n2n for 
(a, ,!I) in B, . The operator K, exists by Lemma 4. We define the 
integral operator Tl by the kernel 
Then a point (cu, /?) belongs to L( Tl) if ((Y, /3) belongs to all but finitely 
many A, ; and (ai, /3) does not belong to L( TJ if (01, /3) belongs to 
infinitely many B, . From what was said above, it follows that L( Tl) 
is precisely A u II . 
The operator T2 is constructed in a similar way. In the construction 
of T, , the direction of approach of qn to q for q E I(q $ I) is opposite 
the direction of approach of p, to p for p E I( p $ I). Also, the X, are 
chosen to converge monotonically downward to X. The proposition is 
proven. 
The following proposition is a special case which will prove useful 
in the general proof. 
PROPOSITION 2. Let Q be a closed, convex, and monotone set in the 
strip 0 < a: < 1, 0 < p. Then there exists a positive integral operator T 
whose L-characteristic is precisely Q. 
Proof Let CD be the convex curve forming part of the boundary 
of Q, and let G be the vertical line forming the boundary of Q on the 
right (a may be empty). 
Let P, , P, ,--, P, ,..., be a countable dense subset of CD, where we 
assume that @ has a tangent at p, (n = 1, 2,...). For each n, we choose 
the tangent line r, to @ at the point p, . The line r, has non-negative 
slope. 
We may associate a positive integral operator K, with each line r, 
in such a way that L(K,) is p recisely all the points on or above I’, 
in the strip and 11 K n )I Or,0 < 1 for (01, /3) in L(K,). If r, has zero slope, 
then we choose the kernel (3.2) of Lemma 1 with b = 0 and a such 
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that r, is the line /3 = a. If r, has positive slope, then we choose the 
kernel (3.4) in L emma 3 with a, and a2 such that /3 = (aZ - a& + a, 
describes r, . 
If CJ is nonempty, then u is an interval of the line 01 = CQ, for some CQ, .
Let the operator K, be the operator K,* of Lemma 2 with a = 1 - 01~ 
and b = 0. 
The positive integral operator T given by the kernel T(s, t) = 
Czco (l/2”) K&, t) has Q as its L-characteristic. Indeed, if (OL, p) 6 B, 
then 1) K, II+ < 1 for n = 1, 2 ,..., and (1 K, I/a,B < +co. On the other 
hand, if (CX, /3) is not in Q, then (01, /3) must be below some tangent line 
rnO , and hence 11 Knox Ila is not finite for some positive function x in L, . 
Since II TX IID 2 II Kg 110 f or P osi ive functions X, (01, p) is not inL(K). t 
The proposition is proven. 
6. SUFFICIENCY IN GENERAL 
We now proceed to the general proof of sufficiency. We use tech- 
niques similar to some used by Zeller [7] to show that certain F,-sets 
are convergence sets of Fourier series. 
Let Sz be an arbitrary convex and monotone F,-set in the strip. 
The boundary of Q consists of at most two vertical lines and a convex 
nondecreasing curve @. The curve di is taken to include its endpoints. 
We first consider @. Let B be those points on @ which are not in Sz 
(we call these “bad points”). Assume B is nonempty. Since 8 is F, , 
the set Q n CD is F, in the relative topology on CD. Hence, B is a G,-set 
in the relative topology on @, and so, B = nTcl Gi , where the Gi 
are relatively open subsets of @, and Gi 1 Gi+i , (i = 1, 2,...). By an 
open (closed) interval on @, we mean a connected relatively open 
(closed) set of @. Each Gi may be written as an at most countable union 
of disjoint open intervals on 0 which we call the components of G, . 
We may assume that each component of Gi contains a point in B. 
Our immediate concern is to find a positive integral operator Tl 
with 52 C L( TX) and L( Tl) n B empty. If @ is a line of non-negative 
slope, then we may use Lemma 2 or Proposition 1 to find Tl . 
If CD is not a line of non-negative slope, then for each positive 
integer i, we want a positive integral operator Ki with the properties 
(a> II Ki ll.,~ G 1 for any (~~18) in 9 which is not in Gi or is not 
directly above some point in Gi and within l/2” of Gi . 
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(b) i2i < I/ Ki Ija,B < + CO for (oc, /3) in Bi where Bi _C Gi and 
B = fi fi Bi. 
kl i=k 
(6.1) 
In general, the construction will show that Bi # G, unless @ is 
strictly convex. The construction of the Ki is deferred until the end 
of this section. 
The operator 7’r is defined by Tr = xi”=, (l/29 Ki . For a point 
in B, the equation (6.1) implies that the norm estimate in (b) is valid 
for infinitely many distinct i. Since the Ki are positive operators, 
11 Trx Ilo > (1/2i) II Kix Ijo for positive functions x in L, implies that 
L( Tr) n B is empty by (b). On the other hand, if (01, p) E Q, then the 
norm estimate in (a) holds for all but finitely many i, since either (01, /3) 
is in only finitely many Gi or it is some positive distance from @. Thus, 
9 CL( Tl). 
The L-characteristic of Tl may contain points below @. In order to 
eliminate these points, Proposition 2 is applied to obtain a positive 
integral operator T, with L( T,) p recisely Q together with its boundary. 
Finally, if the boundary of 8 contains a vertical line u on the right, 
then we choose one of the operators in Lemma 2, call it T, , with 
Q Z L( T3) and L( TJ n u = 8 n U. The operator T = Tl $- T, + T, 
is the operator necessary for the proof. Indeed, since the Ti (i = 1,2, 3) 
are positive integral operators, T is a positive integral operator and 
L(T) = L(T,) n L(T,) n L(T,) = Q. 
We now proceed with the construction of the K, . The aim is to 
decompose Gi into many pieces in a systematic way so that we can 
apply Lemma 4 while remaining close to Gi . We indicate how each 
component of Gi is decomposed. 
Let C be a component of Gi not containing an endpoint of 0. Since 
C n B is nonempty and C does not contain its endpoints, C cannot be 
contained in a linear segment of @ by the nature of B on linear 
segments. We write C as an at most countable union of open intervals, 
C = (Ji Eii , where it is required that (i) a point of C is in at most two 
Eii , (ii) the chord eij connecting the endpoints of Eij is above Eiij but 
any point on eii is within li2i of Eij , (iii) an endpoint of C is the 
endpoint of an Eij if and only if this endpoint is on a linear segment 
of @ which is partially contained in C. We begin by choosing Ei, 
anywhere in C satisfying (ii) and (iii). This can be done since 0 is 
a nondecreasing convex curve and C is not contained in a linear 
segment of @. We add E’s to each side of Ei, in such a way that the 
E’s intersect Ei, but are not contained in Ei, and (i), (ii) and (iii) hold. 
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We continue outward in this way, adding E that contains more of C 
but which intersects any adjacent E and satisfies (i), (ii) and (iii). Such 
a construction leads to from one to countably many Eij . 
We next find a collection of closed intervals Fii such that (iv) Fij is 
contained in Eij and (v) any two adjacent Fii intersect. If neither 
endpoint of C is on a linear segment of @ n C, then we make no 
further requirements and we would have C = (Ji Fii . Suppose that 
Eii has an endpoint, call it p, in common with C. 
Then p is either the endpoint of some linear interval of bad points 
(in C n B), or it is the endpoint of some linear interval of good points 
(in Q n C), because Q is convex and p is the endpoint of some linear 
interval in C. In either case, we require that (vi) the nearest endpoint 
of Fii be within 112~ ofp and not equal top, but in the latter case, we also 
require that (vii) this endpoint of Fij be in the interval of good points. 
Suppose that the component C of Gi contains one or both of the 
endpoints of @ (we may assume that Gi contains an endpoint of @ if 
and only if the endpoint is in B). Suppose that C is contained in a 
nonhorizontal linear segment of di (it cannot be contained in a 
horizontal one). Then we take E, = C and let ei, be a line of positive 
slope from the endpoint of Ei, which is not an endpoint of @ to a point 
above and within 1/2i of the other endpoint of Ei, . If C is not 
contained in a linear segment of @ and if p is an endpoint of C and I, 
then we take one endpoint of Ei, to be p and the other endpoint q to be 
far enough along @ so that a line of positive slope, ei, , can be drawn 
from q to a point above and within 1/2i of p (not equal p) and such that 
no point on eii is farther than 112” from Ei, . If the other endpoint of C 
is also an endpoint of @, then Ei, is selected in a similar way. We select 
the remaining Eij so that C = uj Eij and (i), (ii) and (iii) hold. For 
Fi, in both cases (and possibly Fi, in the second case), we take one 
endpoint of F%, to be the endpoint p of Ei, and @ while the other 
endpoint and the remaining Fij are selected so that (iv), (v), (vi) and 
(vii) are satisfied. 
Since there are at most countably many components C of Gi and 
at most countable many eii and Fii associated with each component, 
there is a countable collection for all of the G, which we may relabel 
and again call eii and Fij . In this way, we have obtained a collection 
of chords eij and closed intervals Fii satisfying 
1”. Every point of Gi is below at least one eii but not more than 
two eij (i-fixed, j = I, 2 ,... ). 
2”. If a point in Q is below an eii , then it is below at most two 
eij (i-fixed, j = 1, 2 ,... ), and within li2i of Gi . 
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3”. No point of Gi (i-fixed) is in more than two Fii (j = 1, 2,...) 
andBi = (JiFijCGi. 
4”. The chord eij and the corresponding interval Fii can be 
separated by two parallel lines of positive slope. 
5”. B = f-),“=, tJ:, Bi . 
The statements 1” and 2” follow from the construction of Eij and eij . 
Statement 3” follows from (i), (iv) and (v). Statement 4” follows from 
(ii), (iv), (vi) and th e s ecial p constructions. Statement 5” follows 
from (iv), (v), (vi) and (vii) and the special constructions. 
Separate eii and Fij as in 4” and let A, be the region of the strip 
above both parallel lines and Bij be the region below both parallel 
lines. Note that if a point of Sz is in Bij , then it is below eij , and 
secondly, that any point in Fij is in Bij but in no more than two for a 
given i (3” and 1”). (The fact that Sz is convex and the parallel lines 
pass through J2 between eij and Fij plays an important role here.) 
By Lemma 4, there is a positive integral operator Kij with the 
properties that /I Kii Ila,a < I for (a, /3) E Aij and ]I Kij Ila,O 3 i2i for 
(01, /3) E Bij . Finally, define Ki by Ki = & (l/29 Kij . By 2”, require- 
ment (a) is fulfilled for Ki since 
It Ki La G C WI Kc l/u,4 G 1 W-3) 
j j 
for these points. On the other hand, II Ki Ila,a < +cc for any 
(a, B) E Sz u @ by 1” and 2”; and i2i < I/ Ki II,+ < j-00 for (01,fl) E B, 
since any point of Bi is in some Fii . The construction of K is 
complete. 
7. COMPLETE CONTINUITY 
The L,-characteristic of a linear operator T is defined as the set of 
all (01, p), 0 < 01 < 1, 0 < p, such that T can be extended to a 
completely continuous linear operator from L, to L, . The set L,(T) 
is convex and monotone [it is not known whether L,(T) is also an 
F,-set]. The monotonicity of L,( T) follows from the inclusion of spaces. 
The convexity follows from a theorem of M. A. Krasnosel’skii 
[S, 2, pp. 65-661 which states: if 0 < cyi < 1, 0 < pi , (i = 1, 2), 
and if (aI , A) EL(T) and (aZ , FL) E L,(T), then (4t), B(t)> E-UT) for 
0 <t < l,whereol(t)=(l - t)(11i+ tol,andp(t) = (1 -t)&+t&. 
It is well-known that L,,(T) CL(T) and that L,(T) may be empty 
when L(T) is nonempty. However, if L,(T) is nonempty, then the 
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theorem of Krasnosel’skii implies that the interiors of L,( T) and L(T) 
coincide. For a more complete discussion of the relation between L( T) 
and L,(T), we refer the reader to [2, pp. 68-691. 
We derive the following theorem for the &-characteristic. 
THEOREM 2. If Q is a conzjex monotone F,-set of the strip 0 < 01 < 1, 
0 < ,6 then there is a linear operator T whose L,-characteristic is 
precisely Q. 
Proof. The proof consists of showing that the operator obtained 
in the proof of Theorem I is completely continuous whenever it is 
continuous. 
The integral operator obtained in the proof of Lemma 4 has a kernel 
which is continuous on [0, I] x [0, I]. This is a sufficient condition 
for the integral operator to be completely continuous from L, to L, , 
0 ,< a < 1, 0 < p < + 00 (see [9, p. 6571). 
Since complete continuity is preserved under convergence in the 
operator topology, all the operators formed by infinite sums of 
completely continuous operators are completely continuous where the 
sum converges. Thus, the integral operators formed by sums of 
operators obtained by use of Lemma 4 are completely continuous 
whenever they are continuous. 
It remains to show that the integral operators of Lemmas 1, 2 and 3 
are completely continuous whenever they are continuous. As an 
example, we consider the integral operator K1 with the kernel (3.2) 
of Lemma 1. Then 
I KlWl 
< t-“(L + log l/t)-” [I + log(1 + log l/t)]-“” /I s-8(1 + log l/s)-2b l/l oL 
for x in the unit ball of L, , 0 < 01 < 1 - b, implies that Ki maps 
this ball into a bounded set of functions in L, (a > 0) with equi- 
absolutely continuous norms (i.e., K, is completely continuous). 
Similarly, 
1 K,(t)1 < t-y1 + log l/t)+l-a [l + log(l + log l/t)]-“” II x 111 
implies Ki maps bounded sets of L, into compact sets of L, , /3 > a > 0. 
If a = 0, then it is sufficient to show that {We = K,(t, s) : t E (0, I]) 
is contained in a compact subset of L,-, in order to show that Kl is 
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completely continuous from L, to L, (Gelfand, see [2, p. 1131). But 
this holds if 0 < a: < 1 - b since 
[sb( 1 + log l/s)20 + (1 + log l/t)-‘]-’ < s-b( 1 + log 1 /.r)-2b b > 0, 
[l + (1 + log 1/t)-‘]-‘, b = 0, 
implies that {rut) is contained in a compact subset of Lb . 
Similar arguments work for the remaining operators. 
8. REMARKS 
Let us consider the method of proof in Theorem 1 more closely. 
The proof of the necessity of the F,-condition used basically three 
things; (1) that there is a countable subset dense in each domain space 
for 0 < 01 < 1, (2) that the norm of the domain spaces is a continuous 
function of OL, 0 < 01 < I, for each function of the countable dense set, 
and (3) that the norm of the range spaces is a lower semicontinuous 
function of the index /3. This leads to the conclusion that such a proof 
could be accomplished for any domain spaces X, and range spaces Y, 
which have the above three properties. As possible domain and range 
spaces one could consider some of the various scales of Banach spaces 
(see [lo]). 
As a particular example, we take X, = L(a, l), 0 < 01 < 1, 
X,, = L, , and X, = L, , where L(cx, 1) are the Lorentz spaces with 
norm Ilflla,l = 01 Jt ta-Y*(t) dt, f * the decreasing rearrangement of 
j f I. For the range spaces, we take Y,=L(/3,co), O<p<l, 
Y, = L, and Y1 = L, , where L(p, co) are the Lorentz spaces with 
norm 
ilf II p,. = sup uD-l 
O<U<l s 
:f *(t) dt. 
Indeed, if this is done, then Theorem 1 can be proven for the square 
0 < 01, p < 1. This has been done in [l I] and we hope to publish 
these results along with generalizations dealing with “characteristic” 
sets for operators with respect to other spaces. 
In considering the proof of sufficiency, we observe that the only 
link between the proof and the particular spaces of functions occurs 
in Lemmas 1, 2, 3 and 4. Of the lemmas, Lemma 4 is the most 
important. Indeed, if Lemma 4 is known, then by arguments similar 
to those appearing in Proposition 1, we can find linear operators whose 
“characteristic” sets have the geometrical properties described in the 
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other lemmas. Thus, the argument for the sufficiency of the F,- 
condition hinges on the ability to establish a lemma of the type of 
Lemma 4. 
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